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Single crystal anisotropy and coupled stability analysis for variant reorientation in Magnetic Shape Memory Alloys Krishnendu Haldar a , George Chatzigeorgiou c , Dimitris C. Lagoudas a, b, *
Introduction
MSMAs are best known for their unique ability to produce Magnetic Field Induced Strains (MFIS) up to 10% under a magnetic field (O'Handley, 1998; O'Handley et al., 2000; Müllner et al., 2003; Shield, 2003) . Some of the commonly used MSMA material systems are NiMnGa (Murray et al., 2001a; O'Handley et al., 2003; Heczko et al., 2003; Likhachev et al., 2004) , FePd (James and Wuttig, 1998; Yamamoto et al., 2004) and NiMnX, where X ¼ In,Sn,Sb (Sutoua et al., 2004) . The unique magneto-mechanical coupling makes MSMAs promising materials for multifunctional structures, actuator and sensor applications (Pasquale, 2003; Tellinen et al., 2002; Dapino, 2006, 2007; Karaman et al., 2007) .
The coupled MSMA behaviors can be modeled by considering the material as an electromagnetic continuum. Extensive work on different electromagnetic formulations had been proposed in the literature (Toupin, 1956 (Toupin, , 1960 Penfield and Haus, 1967; Hutter et al., 2006; Eringen and Maugin, 1990 ) based on different notion of breaking up long range and short range forces. In a recent work, (DeSimone, 1993; DeSimone and Podio-Guidugli, 1996) proposed a continuum theory for deformable ferromagnetic materials. Ogden (2004, 2005) derived a theory of nonlinear magneto-elasticity for magneto sensitive elastomers. McMeeking and Landis (2005) , McMeeking et al. (2007) presented a study of electrostatic forces on large deformations of polarizable materials. A theory for the equilibrium response of magneto-elastic membranes is formulated by Steigmann (2004 Steigmann ( , 2009 . Podio-Guidugli et al. (2010) formulated a continuum theory for the evolution of magnetization and temperature in a rigid magnetic body for ferro/ paramagnetic transition. The variational formulations for general magneto-mechanical materials have been proposed by many authors Kankanala and Triantafyllidis (2004) , Ericksen (2006) , Bustamante et al. (2008) , Miehe et al. (2011b,a) .
The macroscopically observable MFIS in MSMAs is caused by the microstructural reorientation of martensitic variants (O'Handley et al., 2000; Karaca et al., 2006) , field induced phase transformation (Sutoua et al., 2004; Kainuma et al., 2006; Karaca et al., 2007 Karaca et al., , 2009 or a combination of the two mechanisms. In this work we will focus on variant reorientation. In the variant reorientation mechanism, the variants have different preferred directions of magnetization and the magnetic field is applied to select certain variants among others, which results in the macroscopic shape change.
There are two major modeling approaches for variant reorientation mechanism. In microstructural based models, the resulting macroscopic strain and magnetization response are predicted by minimizing a free energy functional. Details on the microstructural based modeling approach can be found in (James and Wuttig, 1998; DeSimone and James, 1997; O'Handley, 1998; Murray et al., 2001b; DeSimone and James, 2002, 2003) . The second approach to study the material behavior is through thermodynamics based phenomenological modeling (Hirsinger and Lexcellent, 2003b, a; Kiefer and Lagoudas, 2005; Kiefer et al., 2006; Kiefer and Lagoudas, 2009 ). Most recent development of a variational modeling of variant reorientation in MSMAs can be found in Wang and Steinmann (2012) . Modeling of field induced phase transformation with detailed experimental characterization can be found in . The effects of magnetic body force and couple on the variant reorientation mechanism are investigated through a coupled boundary value problem in Haldar et al. (2011) .
One of the major challenges for understanding the magnetostatic response of the MSMAs is the experimental measurement of the magnetic field inside the material. The measurements of the magnetic field are strongly influenced by the shape and size of the specimens Shield (2003) . In general, the shape of the specimen, used in the experiments, is a prismatic bar with a rectangular cross section. A compressive stress is applied along the axis of the prismatic bar and a magnetic field is applied along the perpendicular direction of the axis Shield (2003) , Kiefer et al. (2006) . In order to build a reliable constitutive model, one needs to relate the measured data of the applied magnetic field with the magnetic field in the material. A numerical technique to correct the constitutive responses from the demagnetization effect is also described in Haldar et al. (2011) .
During the reorientation process, the nonuniformity caused by the shape effect combined with the strong nonlinear constitutive response in magnetization leads to localization of the numerical solution. We investigated this phenomenon in Haldar et al. (2010) , where we found that the magnetic field during reorientation changes drastically in the band like localized zones.
In this study, there are two major contributions. The first is that the considered constitutive equation includes single crystal anisotropy. A rate form for the mechanical and magnetization constitutive equations is derived to facilitate the stability analysis in an efficient way. We analytically perform stability analysis for magneto-mechanical coupling with anisotropy, where our previous work was confined only within magnetostatic analysis with isotropic assumption. We found that a material parameter due to anisotropy indeed influences the stability of the system. The second major point is the implementation of the coupled magnetomechanical stability analysis. In the FE analysis, our main effort is to understand how instability caused by the magnetic behavior affects the mechanical field variables. So, we only considered isotropy in the FE analysis to solve a relatively simple problem. Additional efforts are necessary to see the influences of anisotropy in the numerical analysis, which are not considered in this study.
The organization of the paper is as follows: In Section 2, we briefly introduce a thermodynamic based continuum framework for a coupled magneto-mechanical dissipative system. A specific form of the Gibbs free energy is proposed in Section 3 and the constitutive equations are derived with discrete symmetry restrictions. An incremental form of the constitutive equations with magnetic and mechanical tangent stiffness matrices is presented in 4 and the stability analysis of such a coupled system is presented in Section 5. Some numerical examples are presented in Section 6. Finally, in Section 7 we solved a boundary value problem to demonstrate the appearance of band-like structure due to loss of ellipticity. Parameter identifications and validation of the newly proposed constitutive equations are essential. As it is not our main focus, we present a concise but detailed descriptions in the B.
Continuum approach for single crystal MSMA modeling
In this section we briefly outline the thermodynamic framework to describe the constitutive equations. Evolution equations of the internal state variables, introduced to capture the hysteretic behavior of the magneto-mechanical response, are also discussed.
Thermodynamic framework
We denote the reference configuration by U 0 , which is free from any externally applied stimuli and the current configuration by U. The body consists of material points X 2 U 0 . The spatial position in the deformed configuration is denoted by x ¼ 4(X,t) and the deformation gradient is defined by F ¼ V X 4 with J ¼ detF > 0. In the deformed configuration U, we denote the magnetic induction by b, the magnetic field by h and the magnetization vector by m. The free current (conductive) density of the body is neglected in this study.
The constitutive response of MSMAs undergoing variant reorientation will depend on state variables such as appropriate measures of stress and magnetic field and also internal state variables to account for loading path dependence due to the hysteretic response caused by dissipation. Using the Coleman and Noll procedure (Coleman and Noll, 1963) , the following constitutive equations can be obtained
is the magnetic field and fZg is the set of internal variables in U 0 . GðS E ; H; T; fZgÞ is the Gibbs free energy,
, s is the total stress (Toupin, 1956 (Toupin, , 1960 ) generated due to combined magneto-mechanical effect (i.e. if t is the total traction, then t ¼ sn), s M is the Maxwell stress in the deformed configuration and T is the temperature. On deriving Eq.
(1), one needs to start from the internal energy and introduce a proper Legendre transformation with regard to the deformation gradient F and magnetic induction b in the deformed configuration. Detailed derivations can be found in Haldar, 2012) . Our next step is to define the set of internal variables fZg.
Internal state variables
We assume that the volume fraction of the newly oriented field induced variant is x. We further consider that the inelastic strain E r and the internal magnetization M r , generated during variant reorientation, are tensorial internal variables of order two and one respectively. The internal magnetization takes into account the phenomenological effect of different micro-magnetic mechanisms like the rotation of magnetization vector and the evolution of magnetic domain walls. Finally, we consider the mixing energy g r of the reorientation as an internal variable. So the complete list of the internal state variables is fZg ¼ fE r ; M r ; x; g r g. Expanding the entropy inequality (1d), we obtain
The thermodynamic driving forces are denoted by
We further assume that the reorientation strain rates obey the following flow rules
The L r is the tensor which takes into account the direction and magnitude of the generated strain during variant reorientation. Similarly we consider that the rate of magnetization vector generated during reorientation follows the following flow rules
where g r takes into account the direction and magnitude of the internal magnetization due to the evolution of x. Note that the single scalar variable x relates the 6 independent components of the inelastic reorientation tensor E r and 3 independent components of the magnetization vector M r through the evolution equations and so the model is capable of taking into account any arbitrary magneto-mechanical loading conditions. The evolution of interaction or mixing energy between the martensitic variants during reorientation ( _ g r ) can be represented
where f r is the hardening function.
The total thermodynamic driving force p r due to variant reorientation is given by
The following transformation function, F, is then introduced,
where Y r is a positive scalar associated with the internal dissipation during reorientation. The proposed reorientation function is similar to the transformation function used with conventional shape memory behavior (Lagoudas et al., 1996; Qidwai and Lagoudas, 2000) . It is assumed that the constraints of the reorientation process follow the principle of maximum dissipation and can be expressed in terms of the Kuhn Tucker type conditions (Simo and Hughes, 1998) 
3. Proposed Gibbs free energy and constitutive equations for variant reorientation
We denote the Gibbs free energy of the variant-1 and the variant-2 by G V1 and G V2 respectively. The Gibbs free energy of the transforming phase is denoted by G V1/V2 . We write
G I and G mix are the Gibbs free energies due to the magnetoinelastic deformation and the energy due to the mixing of the two variants during reorientation. We determine the integrity basis of the scalar function G for the above mentioned tensorial arguments in the following subsections. Detailed group-theoretical development to obtain the integrity basis for such a single crystal material system can be found in . Here we briefly present the applied part of the theoretical development in a aim to calibrate the new model for the stability analysis.
Finite symmetry restriction for single crystal
The most widely used material for variant reorientation mechanism is Ni 2 MnGa. The martensitic phase has 10 M structure with I4/mmm space group. The classical point group is 4/mmm (D 4h ). The five magnetic point groups are 4 =mmm; 4=mmm; 4 =mmm; 4=mmm; 4=mmm. Among them only the 4=mmm is ferromagnetic and the rest of the members are antiferromagnetic (Cracknell, 1975) . So we consider 4=mmm to generate the integrity basis.
There are three variants for tetragonal martensitic phase. We denote variant-3, which has shorter length (c) along the z direction. The x and y axes are along the longer side a (Fig. 1(a) ). The stereographic representation of the group elements of 4/mmm is shown in Fig. 1(b) . The notation of the diagram is followed from Bradley and Cracknell (1972) . The filled square (-) at the center represents the 4-fold rotations along the z axis, which are perpendicular to the plane of the paper and obey the right-hand rule. A solid ellipse ( ) denotes 2-fold rotation along the iÀi axis. The alpha-numeric labeling of the symmetry operations are placed on the figure in the position to which the letter E is taken by that operation. C ± 4z represents 360 /4 anticlockwise/clockwise rotation along the z axis and C 2i is the 180 rotation along the iÀi axis. We select variant-1 (shorter axis is along the X 1 direction) by applying traction on the single crystal along X 1 . The orientation of the initial configuration of variant-1 is presented in Fig. 2 . The variant-2 has the shorter length along the X 2 direction. When the magnetic field intensity is high enough along the direction of spontaneous magnetization (X 2 direction), variant-2 becomes preferred. We assume that these two structural phases are magneto-elastic.
Energetics of variant 1
In this subsection, we discuss the coupled magneto-mechanical energetics of variant-1. The Gibbs free energy is considered as
Moreover, considering first order coupling between stress and inelastic strain and between field and internal magnetization, the expanded form of the Gibbs free energy is written as
The constitutive equations for the above proposed scalar function G I are given by
and
3.4.1. Evolution equations As the strain and magnetization evolution equations are concerned, we write the strain evolution equation as
It can be shown that L r ij can be spanned as 
Thus, spanning L r up to m ¼ 5 in terms of the elements of fD g, we write
Similarly, for the magnetization evolution equation
we can write
The expression for g r is then given by
Mixing energy
We consider the Gibbs free energy for the mixing as
The evolution of the reorientation hardening energy g r is related
with a hardening function f r .
The selection of such a function is discussed in B.1.3 for a specific example.
Vectorization of matrices
The final combined forms of the strain and magnetization constitutive equations are written as
where
At this point we consider vectorization of matrices [E] and [S E
], which represents the constitutive equations in a convenient form that is suitable for stability analysis. Moreover, since [E] and [S E ] are symmetric matrices, we consider half-vectorization. In a general way, half-vectorization of a n Â n symmetric matrix A is denoted by vechðAÞ ¼ h A 11 ;…;A n1 ;A 22 ;…;A n2 ;…;A ðnÀ1ÞðnÀ1Þ ;A ðnÀ1Þn ;A nn i T :
We write for simplicity vechðAÞ¼ðAÞ and so E where
Now, from the consistency condition (8) we consider two cases. Case-I: _ xs0 and F ¼ 0.
We write
and replacing _ S E from (26) we obtain
Substituting back (30) in (26) 
Here ½L is a 6 Â 6 mechanical tangent stiffness matrix and ½K is a 6 Â 3 magnetic stiffness matrix. Moreover, substituting back the
where ½L 0 is a 3 Â 6 mechanical tangent stiffness matrix and ½K 0 is a 3 Â 3 magnetic stiffness matrix. 
Small strain approximation and 2-D reduction of the problem
Since, the experiments are performed in small strains, we reduce the model into an infinitesimal strain model such that E z ε, S
We further reduce the problem in 2-D, where the stress components are s E 11 , s E 22 , s E 12 , strain components are ε 11 , ε 22 , ε 12 , the magnetic field components are H 1 ,H 2 , and the magnetizations are M 1 , M 2 . The reduced form of the strain constitutive equations in the matrix and vector notation thus can be written as below 
Enforcing the isochoric condition, tr (ε I ) ¼ 0, we can write ε r 22 ¼ Àε r 
where (24) and (25) respectively, can be obtained from the above two relations. The components form of the internal magnetization can be expressed as
Finally, the 2-D reduction of (31) is written
and Eq. (32) reads
It should be noted that if we consider plane stress problem, the out of plane strain needs to be calculated and under plane strain the out of plane stress needs to be calculated and also the material parameters have a different interpretation.
2-D stability analysis of the magneto-mechanical coupled system
Before performing stability analysis, we first list the system of equations below
We introduce a tensor potential J ¼ V5u, where u is the displacement. Introducing a potential J allows us to express the coupled system as a system of first order PDEs. It should be noted that we replaced B from the Gauss Law, i.e, V,B ¼ 0, by means of the
These 
and so 
Thus, (41d) becomes _ s
and (41e) becomes
Finally, from (45) with the help of (41c), (46) with the help of (41a), (41b) and (41g), we eliminate s E and M respectively and write the system of equations as 2 6 6 4
& ðHÞ ðJÞ
The detailed derivation can be found in A. We denote the above system of equations in the following compact form,
The above system becomes elliptic, parabolic or hyperbolic when the eigenvalues of the following characteristic equation are complex, equal or real, respectively detðB À aAÞ ¼ 0; (48) with a being the eigenvalue of the system.
Analytic results of stability analysis
.Our stability analysis will be based on the magnetization responses in Fig. 3 Tables 2 and 3 , respectively. In terms of space nondimensionalization, we consider b
where w is the width and l is the length of the specimen. Magnetic
, where r ¼ vF vx . Three case studies for stability conditions will be discussed next. First (Case-I) we only consider the magnetostatic problem for isotropy. Next we consider the coupled system with isotropy (Case-II) and finally (Case-III) the anisotropic effect on the stability for the coupled system is considered.
Case-I: magnetostatic stability condition
We start stability analysis with a simple magnetostatic case.
2 The values of the material constants can be found in (Haldar et al., 2011) . 3 A brief description of parameter identification procedure is presented in Appendix B.
Before reorientation
Considering magnetostatic equations before reorientation, we can write Eq. (47) in a non-dimensional way as
The characteristic polynomial Eq. (48) is given by
for which the discriminant is
Since b
Thus the sign of b
D will depend on the numerator only. The numerator (Nr) further can be written as Fig. 3 ), and again b D < 0. So the system is elliptic in the entire range [0,H C ].
During reorientation
When reorientation starts, from (47) we can write
The characteristic polynomial (48) is given by
and so the discriminant
The elliptic/hyperbolic nature of the system depends on the sign of b D. When b D ! 0, the system is hyperbolic and when b D < 0, the system is elliptic. Fig. 4 shows that the system behaves hyperbolic at the beginning but recovers ellipticity around b H 2 ¼ 0.7 or at 0.84
6.2. Magneto-mechanical stability condition 6.2.1. Case-II: isotropic medium
As a next step, we consider a coupled magneto-mechanical stability analysis by assuming an isotropic medium. The system of equations can then be written as g 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 
for which the characteristic equation is
For the real root, we only need to consider
and so the conditions of stability are the same as for the magnetostatic (Case-I). It should be noted that the nonlinear magnetization constitutive equation causes the unstable behavior to the entire magneto-mechanical system.
Case-III: anisotropic medium
This part is the main application of an anisotropic magnetomechanical coupling. Since, we do not have anisotropic magnetomechanical experimental characterization for the model calibration, we only assume the following (from (33), (34)) non zero material constants for simplicity: 
Recall that superscripts 1 and 2 are for the variant-1 and variant-2 respectively. The coefficient b 10 couples H 2 with ε 2 11 , i.e, a piezomagnetic coefficient for variant-2. Since both the variants have the same tetragonal structure, one needs to satisfy that the Gibbs free energy G V1 ¼ G V2 . We can thus immediately write b 4 ¼ a 5 , b 12 ¼ a 12 , b 5 ¼ a 4 and b 6 ¼ a 6 for purely mechanical conditions (from (9) and (12)).
The matrix form of the magnetization equations are (from (36), (37)) Table 1 Material parameters (isotropic medium).
, and Table 2 Non-dimensionalized material constants. Table 3 Non-dimensionalized material parameters (isotropic medium).
The additional material constants for the anisotropic medium is summarized in Table 4 and the non-dimensionalization is presented in Table 5 
and the characteristic polynomial is in the following form
where the coefficients are
Due to complex dependency of the polynomial coefficients on the material parameters, unlike previous two cases, it will be g 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 
þ 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 
Table 4 Material constants (anisotropy). Table 5 Material parameters (anisotropy).
practically a tedious task to obtain the discriminant of a sextic equation. So, we like to analyze such a situation by numerically investigating the eigenvalues. If all the six eigenvalues are complex numbers, then the system will be elliptic, otherwise, with at least one real eigenvalue the loss of ellipticity will take place. We perform a parametric study with the piezomagnetic coefficient of variant-2, b 10 , to investigate the influence of anisotropic coupling on the stability of the system. The result is shown in Fig. 5 . We introduce a binary indicator i with a colormap such that when all the eigenvalues are complex numbers, i represents yellow and the system becomes elliptic. If at least one eigenvalue becomes real, it takes green color and loss of ellipticity occurs. As an example, in Fig. 5(a ). The entire scenario changes considerably by changing some material parameters in the magnetic constitutive equations (Fig. 3) . Fig. 5(a) explains the effect of shifting the reorientation finish field (H M2 f ) as twice as the existing value. This means that in the latter case a less stiff constitutive equation is used, for which the material behaves more stable in the entire range of reorientation.
Finite element analysis of the magneto-mechanicallycoupled field equations for MSMA
In the previous section we presented stability results for the non dimensionalized magneto-mechanical problem for MSMAs. All the analytical results were derived at a material point, based on the newly proposed constitutive responses. The results of the study show that the material instability may occur at a certain magnetic field or at a certain range of magnetic fields. The unstable behavior means that if a bulk material body is concerned and if there are singularities in the body, the disturbances due to the singularities propagate along the characteristics. This phenomenon is expected to be observed by solving an appropriate boundary value problem. We now consider a specific problem with real material parameters (Table 1) in the FE implementation. The value of the material constants (as presented in Table B .7) are taken from (Haldar et al., 2011) .
Field equations, constitutive relations and boundary conditions are summarized in Table 6 . Note that the magnetization constitutive equations depend only on the magnetic field and so do not account explicitly the influence of stress variation on the constitutive responses in the coupled problem. Moreover, the maximum strain ε max is also assumed constant and so it is not coupled with the non-uniform stress distribution in the material. The numerical analysis presented here was performed using the COMSOL Multi-physics finite element software package. The geometry and boundary conditions of the considered model problem are illustrated in Fig. 6 . This particular arrangement is motivated by the experimental set up, explained in Appendix B. The computational domain may be regarded as the gap between the pole pieces of an electromagnet of dimensions 26 mm Â 26 mm Â 26 mm for which a uniform magnetic field of up to 2 T can be applied. Typical specimen dimensions are 8 mm Â 4 mm Â 4 mm, or aspect ratios of 2:1:1, where the long axis is the x-direction. All the field equations are summarized in Table 6 and more details can be found in Haldar et al. (2011) . A spatially constant magnetic potential
is applied on all sides of the boundary. The mechanical boundary conditions of the problem are illustrated in Fig. 7 , where t x and t y denote the mechanical traction on the boundaries along the x-and the y-directions, respectively. The compressive traction along the xdirection is imposed by constraining the vertical displacement U of the vU 3 surface and by applying a mechanical load P ¼ 2 MPa on the vU 1 surface. We fix the point R to eliminate rigid body motion in the finite element analysis.
Numerical results
Magnetic field (H 2 ) distribution at an applied field value m 0 H a 2 ¼ 1:1 [T], for which the magnetostatic system becomes unstable, is presented in Fig. 8 . It is numerically observed that two band-like zones are created inside the specimen. An enlarged view of the specimen is given in Fig. 9(a) with the plots of volume fraction x of the newly oriented field induced variant (variant-2). In the figure, m 0 <H 2 > ¼ 0.67 [T] represents the true magnetic field inside the specimen in a constitutive sense (see, Fig. 3 ) corresponding to the applied field m 0 H a 2 ¼ 1:1 [T] due to the shape and size effect of the specimen geometry. We observe that at the top-left and bottomright corners, the volume fraction almost reaches 1 while in the intermediate region, the volume fraction varies from 0 to 0.3. Moreover there are sharp changes in the values of x across the observed banded zones. The magnetization vectors exhibit similar behavior in Fig. 9(b) . The directions of magnetization vectors change very sharply in the regions A 1 ÀB 1 ÀC 1 ÀD 1 and A 2 ÀB 2 ÀC 2 ÀD 2 . The appearance of the band like zones (Fig. 9 ) during reorientation is due to loss of ellipticity. The discriminant D that dictates the loss of ellipticity is plotted at m 0 <H 2 > ¼ 0.67 [T] and is presented in Fig. 10 Fig. 10(a) ) with D < 0, which are separated by the unstable hyperbolic regions, have a completely different behavior in terms of the field variables, like the magnetic field H 2 (Fig. 10(b) ), the martensitic variant volume fraction ( Fig. 9(a) ) and the magnetization vector ( Fig. 9(b) ).
The values of the characteristic angles in the unstable regions in the non-dimensional spatial description are given by the Eq. (57) and they vary spatially. In the present study the two characteristic angles of all the critical points are almost the same (À60 and À64 in the actual specimen dimensions). The magnetic field shows a drastic change across characteristics that start from the top right and bottom left corners (Fig. 10(b) ).
In the solution of strain (only ε 11 component is presented here) (Fig. 11(a) ), we observe the banded regions. Similar trend is also observed in the stress field 4 (Fig. 11(b) ). We like to emphasize here that the magnetization constitutive equation is assumed to depend only at a constant stress level. This means the variation of stress does not have any impact on the magnetic constitutive response.
The main magneto-mechanical coupling in the system is through 
Conservation of Linear and Angular Momentum:
Boundary Conditions: the Maxwell equations, conservation of linear and angular momentum. Finally, the system becomes elliptic everywhere at the end of reorientation and so becomes stable. The banded zones thus disappear from the solutions (Fig. 12) .
Discussion
The coupled magneto-mechanical stability analysis shows that magnetic instabilities influences the mechanical field variables. The magnetic field singularities that occur at the corners of the specimen and propagate along the characteristics, intensifies the mechanical field variables in the banded regions. We observe around À7 MPa stress in the banded zones (Fig. 11(b) ) which is even higher than the blocking stress (À5 MPa). Moving a little bit across those defect lines, the magnitude of the mechanical field variables suddenly jumps to a different value. However, as the stress dependence in the reorientation strain, i.e., ε max (see Table 6 ) is assumed constant in the current FE analysis, the blocking stress effect on strain could not be captured and we observe considerable amount reorientation strain at the highly stressed regions (Fig. 11(a) ). Depending on situations, these unstable phenomena can have possible positive or negative impacts in the devices level applications. For example, in the current experimental conditions, a 2
[T] applied field may be considered as high. One way to reduce this value is to provide some boundary defects, such as small Vnotches, which will facilitate to nucleate and propagate more field singularities inside the materials and most of the interior regions will be filled up with the unstable zones. Such a phenomenon then increases the interior magnetic field intensities and facilitate variant reorientation at a low applied field. Note that singularities also increase the stress in the unstable zones and tries to suppress variant reorientation if the magnitude becomes more than the blocking stress. So, to obtain the best desired effects, one needs to optimize among the geometry with surface defects and the maximum/minimum field-stress requirements.
On the other hand, such an effect for Field Induced Phase Transfer (FIPT) , where the blocking stress is much higher (zÀ130 MPa) than variant reoriantation, may lead to a failure mechanism. The underlying mechanism in FIPT is phase transformation from anti-ferromagnetic martensite to the ferromagnetic autenite by applying magnetic field. Unfortunately, the applied field required for complete phase transformation is very high (z15 [T] ). If we consider magnetic instability for such a material system, the stress in the banded regions could be large enough to cause a failure of the material. However, stability analysis of FIPT is not performed yet and we like to investigate the related issues in a future work.
Conclusions
We propose a magneto-mechanical coupled constitutive response for variant reorientation in single crystal MSMA. Discrete symmetry is taken into account to implement single crystal anisotropy. The developed constitutive equations are then considered in the coupled stability analysis. The analytic approach of stability analysis shows that the system becomes unstable during martensitic variant reorientation due to highly nonlinear magnetization constitutive response. We also have found that the single crystal anisotropy is an important factor and magneto-mechanical coupling due to anisotropy strongly influences the stability conditions. An analytic parametric study reveals that a material parameter which appears in the constitutive equations due to anisotropy could be responsible to make such a magneto-mechanically coupled material system unstable. FE analysis is performed to solve a coupled BVP. However, we only consider isotropy in the FE analysis as we aim to see the influence of magnetic instability on the mechanical field variables through coupling. The results show that the appearance of banded zones in the spacial distribution of the magnetic field variables as well as in the mechanical field variables, when loss of ellipticity occurs. 
or we simply write In a typical experiment, the MSMA sample, initially in austenitic phase, is subjected to a constant compressive mechanical load along the x-axis to transform into stress induced variant (Fig. B.13) . Then a magnetic field is applied along the perpendicular y-axis. After a critical value, field induced variant nucleates and both variants coexist by forming a twinned microstructure. Complete variant reorientation to field induced variant takes place at a high applied magnetic field. As explained in Fig. B .14, we consider(A) an ideal stress favored variant with single magnetic domain in the initial configuration. 180 domain walls in the variant-1 is assumed to be eliminated by applying a small field along the easy axis.
When magnetic field is applied along the y-direction(hard axis), the magnetization vectors start rotating. Once the critical field for the variant reorientation has been reached, the field favored variant nucleates. In this configuration, 90 domain forms due to the presence of twin variants (O'Handley et al., 2003; Tickle, 2000) .
After complete reorientation, only field induced martensitic variant is present and the magnetization process becomes saturated. The magnetization vectors are aligned along the applied magnetic field, which is the easy axis of the field favored variant. Under these circumstances, the x-component of the applied magnetic field is assumed to be zero. The magnetic field along the x direction due to the magnetization of the body is assumed to be small and the dependence of M on H 1 is neglected. The magnetization components are assumed to have the form of M 1 ¼ M 1 (H 2 ) and M 2 ¼ M 2 (H 2 ). So, the components of the field variables are in the following form H ¼ f0; H 2 g; M ¼ fM 1 ; M 2 g: (B-1)
We also assume that the only non-zero stress component is s E 11 , which is uniform and constant inside the specimen during the experiment.
and we denotẽ The evolution of the volume fraction for the forward reorientation is given below Appendix C.4. Forward reorientation ( _ x > 0):
for which x can be obtained by solving the following equation
Appendix C.5. Reverse reorientation ( _ x < 0):
for which x can be obtained by solving the following equation 
